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Abstract

Stochastic Optimal Control (SOC) problems are becoming increasingly important in machine learning,
with applications in reward fine-tuning of generative models and model-based reinforcement learning
(RL). A recent approach, Adjoint Matching (AM), reformulates quadratic-cost SOC as a regression prob-
lem, avoiding the high-variance importance weights of prior approaches. However, we show that the AM
update performs descent on a surrogate of the SOC objective; consequently, unconstrained AM steps need
not improve the SOC objective monotonically. This leads to unstable optimization dynamics. We then
demonstrate that monotonic descent is guaranteed when each update is restricted to a KL trust region
between successive controlled path measures. Motivated by this observation, we propose Fisher Adjoint
Matching (FAM). FAM tractably approximates the KL-constrained update by replacing the trust-region
problem with a Fisher-preconditioned step under the current path measure. The resulting update fol-
lows the steepest-descent direction in KL geometry (a natural-gradient step), yielding stable and efficient
optimization. Finally, we empirically demonstrate the improved stability and sample efficiency of FAM
relative to AM on classical control benchmarks and generative modeling tasks, underscoring the need to
control distributional shift in fixed-point SOC.

1 Introduction

In many scientific and engineering applications, the evolution of a dynamical system is modeled as a
stochastic process {X;};>o governed by a stochastic differential equation (SDE), where the state evolves
through a deterministic drift together with stochastic fluctuations, typically modelled as Brownian noise.
Stochastic optimal control (SOC) studies how to steer such noisy dynamics to minimize a prescribed cost
functional, and it has a long history of applications across science and engineering: rare-event simulation
and molecular dynamics [21} 22} 50, 25], finance and economics [33} [16], stochastic filtering and data assim-
ilation [31} 36], nonconvex optimization via PDE viewpoints [8], energy systems and markets [4,35], and
robotics [43}[18]. SOC has also shaped neighboring areas such as mean-field games [7], optimal transport
[45, 46], backward stochastic differential equations (BSDEs) [6], and large deviations [14].

In machine learning, continuous-time stochastic process formalisms now play a central role in both model-
ing and algorithms. Deep generative modeling can be phrased in terms of probability transport and time-
indexed stochastic dynamics, spanning normalizing flows [37], score-based/diffusion models [40] 24} 41],
flow matching [29], and stochastic interpolants [1}2]. Additionally SOC viewpoint has recently become an
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Figure 1: Qualitative comparison on a 2D GMM target. Contours show the ground truth density; dots are
samples at iteration 500. AM exhibits slow convergence, while FAM successfully captures all modes after
less iterations. Left: AM baseline. Right: FAM (ours).

explicit algorithmic primitive for sampling from unnormalized densities and for improving diffusion sam-
plers [49] 44} 5/ 138]. As such, it is natural to seek learning-based methods that can reliably optimize controls
and solve the associated high-dimensional SOC problems.

Formally, given an SDE, SOC studies the design of an additional control drift u that alters the dynamics
to steer the resulting trajectories toward a prescribed objective (typically expressed as the minimization of
an expected cost functional). In reinforcement learning, this perspective corresponds to choosing a policy
(equivalently, a control law) to maximize expected cumulative reward [13} 28] 42]]. In generative modeling,
related control formulations have been used for reward-based fine tuning of flow matching models [47,[12].

Recently, learning-based approaches to SOC [11} 20} [12] have gained significant attention, where the con-
trol drift u(X;,t) € R? x [0,1] — R? is modeled as a parametric function ug. The parameters ¢ are opti-
mized by simulating trajectories of the controlled stochastic process and minimizing an associated objective
functional £(ug). As in deep learning, gradient-based methods are commonly employed, with gradients
computed by differentiating through the controlled trajectories. In continuous-time settings, this is typi-
cally accomplished via the adjoint-sensitivity method [34} 9], which evaluates gradients through a backward
ordinary differential equation (ODE) while avoiding storage of the entire forward trajectory.

In this work, we focus on Adjoint Matching (AM) [12]. Earlier learning-based approaches to SOC regress
directly to the optimal control by approximating expectations under the optimally controlled path measure
using importance sampling from the uncontrolled (base) process. However, this suffers from high-variance
importance weights, particularly in high-dimensional settings. In contrast, AM solves the following fixed
point equation:

0" = argmin Ly, (0)
0

Lt (0) := Epug U ||ue+0Ta9||2} (1)

where ay is the adjoint under the current control. Under suitable regularity conditions, it can be shown the
optimal control u*, is the unique minimizer of the above objective (Lemma 6, [12]).

The starting point of this work is the observation that, AM solves (1) in an iterative manner and the AM
objective at iteration i:

Oi = argmin EAM(H, 91‘,1)
0

Lam(0,0;-1) = E]P’Uﬂi—l |:/ l|uo + O-Taei—l H2 @)



is only a surrogate to the true objective (I). In fact, a gradient step on (2) simultaneously changes the objec-
tive and the distribution under which (1) is evaluated. As a result, taking a large step in the direction of the
gradient of the surrogate can lead to non-monotonic behavior of the true objective. To remedy this, we pro-
pose Fisher Adjoint Matching (FAM), an iterative procedure for solving SOC with guaranteed monotonic
improvement. Our contributions are fourfold:

1. We show that the AM update performs descent on a surrogate of the fixed-point objective, which in
general does not guarantee a decrease of the underlying fixed-point objective.

2. We derive a modified AM objective that ensures monotonic decrease of the fixed-point objective by
restricting each update to a KL trust region defined between successive path measures.

3. We propose Fisher Adjoint Matching (FAM), an efficient algorithm for solving the resulting KL-
constrained problem via Fisher preconditioning of the gradient.

4. We empirically demonstrate improved stability and performance over Adjoint Matching on classical
stochastic control benchmarks and generative sampling tasksE]

2 Preliminaries

Notation Vectors are denoted by X. A stochastic process is denoted by {X,;};>0. The norm ||-|| refers
to the Euclidean norm ||-||, unless stated otherwise. We use P to denote path measures, and p to denote
probability density functions. Ep[-] is shorthand for Ex.p[-].

Problem Formulation We begin by describing the SOC problem. Consider a dynamical system described
by a stochastic differential equation (SDE):
dXt = b(Xt7 t) dt + O'(t) dBt7 XO ~ Po, (3)

where ¢ € [0,1], b : R? x [0, 1] — R? denotes the drift, o : [0,1] — R%*? the diffusion coefficient, (B;):c0,1]
a standard d-dimensional Brownian motion and py is a known, fixed distribution. SOC introduces an addi-
tional control drift u : R? x [0,1] — R? to the base process (3) and the controlled dynamics are given by:

Xy ~po, and
dX{ =b(X{t)dt + o(t)u(X, t) dt + o(t) dBy. 4)

Given a running cost f(X¢,t) : R? x [0,1] — R and a terminal cost g(X;) : RY — R, the goal of quadratic
control-cost SOC is to find the optimal control u* that minimizes the cost functional:

1
L(u)=Ep [ [ Gl 12+ g0k 0) an+ g(x)|. )

where P* denotes the path measure induced by the controlled SDE.

In parametric approaches to SOC [11} 12} [32], control w is restricted to a parameterized family ug(Xy,t),
where 6 € RP denotes trainable parameters. Thus, the minimization problem is given as :

0" = argming L(uyg) (6)

In practice, ug is implemented as a neural network. Next we describe Adjoint Matching [12], a recent
method for solving the resulting parametric control problem.



Algorithm 1 Adjoint Matching

Require: Drift b, diffusion o, state cost f(-), terminal cost g(-), initial distribution po, parametric control uy,
step size h, number of time steps K, batch size N, KL threshold maxk1, Number of training iterations 7'

fori=0,---,7T—1do
Sample N trajectories { X }2_, with Euler-Maruyama on t; = jh,j =0,...,K — L:

Xro~po, €k;~N(0I)
Xk7j+1 — Xk’j + (b(XkJ',tj) + O'(tj)UQ(XkJ,fj))h + O’(tj)\/E&g,j, vk, j.

Compute adjoints via backward Euler discretization of (1I):

ak K < Vg(Xk,K)
Qk,j < Ak j+1 — ((V;vb(Xk)j,tj))Tak,j_;,_l + me(Xk}j, tj))h, Vi=K-1,...,0.

Compute gradient VyL(0,6;) using the AM loss (I3) and update:

Oit1 < 0; —nVoL(6;)
end for

return 0

2.1 Adjoint Matching (AM)

AM belongs to the broad family of adjoint-based methods [9} [20] which rely on forward simulation of
trajectories followed by differentiation through the dynamics. Given simulations X* ~ P*¢, we can define
the trajectory loss as:

1 1
Lon(0,X") i= [ Slua(XE 0P de+ [ FOXE )t + g(XD) )
0 0
Then the gradient of the objective w.r.t # can be written as (Proposition 6, [12]):

d 1 [ Lou(Xp )T
— Liaj(0, X") = = | —|lu(X/8))? —— 2 o(t)Ta(X} u,t
GLw0.x =5 [ Gl o+ [ LD o0 T w

where the adjoint a(X}, u, t) is defined by ODE,

3 (Xt = - [a(xt“, )" Vx (D(XE ) + o (Du(XE, ) + Vx (FXE D) + gllu(XE,0)]) ®)

solved backwards in time starting from a(X7", 1) = Vxg(X}"). Note thatin Eq . ??, the first term refers to the
gradient of the quadratic cost and the second term is the gradient through the process. While optimization
in Eq. [6|can be performed using an algorithm like gradient descent, a known result [27] in SOC is that the
optimal control u* satisfies the following equation:

(X, 1) = —o(t) Epu- [a(X, u*, )| X; = 2] )

While u* is unknown, inspired by this, Domingo-Enrich et al. [12] propose an iterative optimization algo-
rithm enforcing Eq. E]with respect to the current control u?, by solving the fixed point equation :

0" = argmin Ly, (6)
g

1
Lip(0) =Ep. [/0 %Hug(Xf,t)+a(t)Ta(Xt“,t)H2 dt| , (10)

1Code is available here,


https://github.com/mayank010698/soc_uai

where @ is the so-called “lean-adjoint” ODE solved backward in time from ¢ = 1:

d(Xla 1) = Vg(X1)7
d _ (11)
Za(Xe,1) = —(Vb(Xe, ) Ta( X0, t) + VF(Xi, 1) ).
Note that minimizing Eq. [13|is equivalent to solving a fixed-point equation, and at optimality the solution
satisfies

u*(X,t) = —Epu- [0(t) "a(X, )| X = X], (12)

i.e., the optimum of the fixed point objective is a unique minimizer of Eq.|5 (See Proposition 2 Domingo-
Enrich et al. [12]]). To solve the fixed-point equation, AM proposes a iterative optimization, where at each
iteration ¢ trajectories X* ~ P“¢: are sampled on-policy using the current control ug,. A stochastic gradient
step is then performed on the “one-step” AM objective given as :

;11 = argmin Lam (0, 0;)
0
1 1 u T~ u :
Lant(0,00) =E, v, [/ 5 Xttt + o) (x| dt] . (13)
0

The complete procedure is summarized in Alg. [I] Although the one-step objective shares the same fixed
point as the true objective, the latter defines the quantity of primary interest. It is therefore necessary
to understand whether descent on the surrogate objective guarantees descent of the true objective. We
investigate this relationship in the next section.

Algorithm 2 Fisher Adjoint Matching

Require: Drift b, diffusion o, state cost f(-), terminal cost g(-), initial distribution py, parametric control ug,
step size h, number of time steps K, batch size N, KL threshold maxk1, Number of training iterations 7'
fori=20,---,T—1do

Sample N trajectories { X}, with Euler-Maruyamaont; = jh, j =0,..., K — L:

Xio~po, €kj~N(0OI)
Xiji1 ¢ Xij + (6(Xn o t;) + 0 (tj)ug(Xpj, t;))h + o(t;)Vher;, k. j.

Compute adjoints via backward Euler discretization of (11):

ar,x — Vg( Xk k)
Qg5 < Ak j+1 — ((Vmb(Xkyj,tj))Tak_’j+1 + v$f(Xk7j,tj))h, V] =K — 1, RN 0.

Compute gradient VyL(6,6;) using the AM loss

Compute the natural-gradient direction Af by solving the linear system F(6;)A8 = V4L(6;) using
CG

Perform backtracking line search along A# to find 7 such that KL(P% 729 || P%) < maxk1

Oip1 < 0; —n A0
end for
return 0




3 Monotone Descent

After one iteration of Adjoint Matching with update 6,1 = argminLanm(0, 6;), the “improvement” in the
0

true objective can be defined as

Lep(0i1) — Lep(6:)
= Epuo, i, [P(X;0i41)] — Epuo, [B(X;06,)],

with ®(X;6) := fol |uo(Xt,t) + o(t) Ta(Xy, t)||?dt. Note the two simultaneous changes: (i) the integrand
changes with ¢, and (ii) the sampling distribution changes because the path measure P*? depends on 6. As
aresult, even if we update parameters by 6,1 < 0, —nVgLam(6;), monotone decrease of £\ may require
very small 7 to control the drift in the sampling measure.

This is different from say, smooth convex optimization, where for an L-smooth f, for a sufficiently small
step size n < 1/L, gradient descent guarantees monotone decrease,

F(0is1) < F(0:) = nlIVF(0:)]17, bi1 = 0; — nV £(6;),

This motivates the question: how large of a step can we take while still guaranteeing consistent improvement in the
true objective? To address this, we follow the trust-region literature in RL [39] and show that we can bound
the true objective Lg,(6;41). Before we state the lemma, we make the following assumptions:

Assumption 3.1 [Bounded AM Residual] There exists a constant B < oo such that for all admissible controls u,
almost surely,

sup ||u(Xy,t) 4+ o(t)a(X, t)||> < B.
te[0,1]

This assumption is imposed for analytical convenience. In practice, it may suffice to require the bound only
along the sequence of controls {ug, };>0 generated by the optimization procedure, starting from a suitably
initialized control ug,. We leave a formal treatment of this relaxation to future work. Under this assumption,
we can state the following lemma:

Lemma 3.1 [Upper Bound via surrogate] Under assumption |3.1} for any 0,0’ € R?, we have the following relation:
Lop(0) < Lan(0',6) + B/KLE% [Pror). (14)

Setting §' = 0,41 and 0 = 0;, we get:

Lip(0i11) < Lan(Big1,0:) + B - /KL(P"ist || Pro:) (15)

Note that while single AM update based on minimizes the first term on the right, in general it is not
sufficient to guarantee a monotone decrease in L, (). The above analysis, infact, motivates the upper
bound of the “true” objective function as a more suitable loss, i.e.

;41 = argming cm(e, 0;)

(16)
L400,6;) = Lan(0,6;) + B - \/KL(P“: || Puo)
Under the modified AM objective defined in (16), we obtain the following descent guarantee:
Lip(0i41) < La405r1,0) < LAY(0:,0:) = Lep(6:) - 17)

This ensures monotonic descent of the true objective.



4 Fisher Adjoint Matching (FAM)

While eq. [16| ensures monotonic improvement, in practice it can lead to very small step sizes. Thus, we
instead propose to solve the following objective :

min Lan(0,0;) st KL(P™ || P*) <9, (18)

To solve the constrained problem in Eq. 18, we follow TRPO [39]. For a small update A8, we linearize the
one step loss Lam (0, 6;) via a first-order Taylor expansion around 6;:

Lam(0; + A0,0;) =~ Lan(0;,60;) + VoLanm(0,0;) |9 PRACE (19)
For the constraint, we have from Girsanov’s theorem (Theorem 2, Domingo-Enrich et al. [12]):
KL(P™|[Po)
- f]Epug U o (8) " (ugr (X1, £) — ug (X, 1)) dit|
Again, for small A we have:
ug,+00(Xe, t) — g, (X, t) = Jo, (Xy, 1) AO (20)

where,
Jo,(Xy,t) € R¥*P

denotes the Jacobian of the control with respect to the parameters, defined as

8u9(Xt,t)
(X, = —
Jel( t7t) 90
6=0,
Thus,
KL(P%+29) p%) :IEP%%/Ha(t)_ng(Xt,t)A&Hth (21)
Thus, for a small Af:, we can rewrite Eq. as
T
H&lgn VoL (6,0;) :giAH
1t 1 2
st Bpuo, |5 llo() =" Jo, (Xe, ) AG||” dt | < e. (22)
0

The above trust-region subproblem is a quadratic program with a linear objective and admits the closed-
form solution

2e
A = ———F! 2
SRl o (23)
where
= VoLam(0,0; ,
9:=VeLam(b, )e:ai
and F is given by:

1
F := Epuo, [/ Jo,(Xe,t) Yo () T a(t) " Ty, (X4, t) dt| .
0

The matrix F' can be interpreted as a Fisher information matrix associated with the path measure induced by
ug,. It measures the local sensitivity of the trajectory distribution to infinitesimal parameter perturbations
and defines the natural Riemannian metric on parameter space. The step A8* corresponds to the steepest
descent direction under the specified KL constraint.
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Figure 2: Comparison of Adjoint Matching (AM) and Fisher Adjoint Matching (FAM) on quadratic
Ornstein—Uhlenbeck control problems. Solid curves show the mean over three seeds and shaded regions
indicate one standard deviation. FAM achieves faster convergence and lower control error, particularly in
the harder regime.

4.1 Implementation

To solve (22), we use the Conjugate Gradient (CG) method to compute the search direction by approxi-

mately solving the linear system
(F 4+ A)AO = —g.

Importantly, this does not require explicitly forming the matrix /', since Fisher-vector products can be com-
puted efficiently using Jacobian—vector and vector—Jacobian products (JVP/V]JP) in PyTorch. We addition-
ally use a damping term X to improve numerical stability. The resulting direction defines the natural-
gradient descent step. To determine the step size, we perform a backtracking line search to ensure that the
KL constraint is satisfied. Implementation details and hyperparameters are provided in Appendix

5 Experiments

In this section, we present numerical experiments comparing Fisher Adjoint Matching (FAM) with Adjoint
Matching (AM) on two representative settings. First, we consider classical stochastic control benchmarks
based on Ornstein—-Uhlenbeck processes [32} [11], where the optimal control admits a closed-form solution;
second, we evaluate performance on sampling from unnormalized target densities following the adjoint
sampling framework of [23]. We first describe the experimental setup and then detail the two evaluation
settings.

5.1 Control Parameterization and Optimization

We follow the architectural setup of SOCM [11]. In all experiments, the control u? is parameterized by a fully
connected U-Net. Specifically, we employ a simplified variant in which both the down- and up-sampling
blocks are implemented using fully connected layers with ReLU activations, and the skip connections are



realized via linear projections. The network consists of three down- and three up-sampling stages with
hidden widths 256, 128, and 64, respectively. For AM, we optimize using the Adam optimizer and select
the best learning rate via a hyperparameter sweep. For FAM, we solve the resulting linear system using
conjugate gradient (CG), as described in Section and perform ablations to tune the KL constraint and
damping parameters. Further details on all hyperparameters are provided in Appendix

5.2 Quadratic Ornstein—-Uhlenbeck (OU) Processes

We consider a controlled Ornstein—Uhlenbeck (OU) process with linear drift b(X;,t) = AX; for a fixed
A € R¥™4 and o(t) = 0. The running cost f(X;,t) = X,' PX; and the terminal cost is g(X1) = X QX;
where P, Q € R4 are positive definite matrices. The OU process with quadratic cost admits a closed-form
optimal control given by

ul(z) = 20 Fy, (24)
where F} solves the Riccati differential equation integrated backward in time:
dF,
th + ATF, + F,A - 2F,0000 F,+ P =0, F| = Q. (25)

We consider two settings: (a) Easy: d = 10, A = 0.2], P = 0.21, Q = 0.11, 09 = 1; and (b) Hard: d = 20,
A =1, P =1, Q = 2I. The hard setting increases the difficulty of the optimization problem through both
higher dimensionality and stronger drift, requiring larger control inputs to stabilize the system. The initial
state is sampled from py = N (0, 0.514). We discretize the SDE using 50 time steps. To evaluate performance,
we report the L?-error with respect to the optimal control:

1
L*-error = By pu~ [/ (X, t) — u* (X, )| dt
0

Our results are shown in Fig.[2l FAM consistently attains the lower control L? error using fewer target
evaluations across both the easy and hard OU settings, indicating improved sample efficiency. Next,we
evaluate our method on the task of sampling from unnormalized target densities.

5.3 Adjoint Sampling

Adjoint Sampling [23] adapts AM to the task of sampling from an unnormalized target density p*(x) o
exp(—FE(z)). In Adjoint Sampling, the base process is taken to have zero drift, i.e., b(-,-) = 0. For this
uncontrolled process, the terminal distribution is

Phase(X1) = N(O, 02)- (26)

Setting the running cost f = 0 and the terminal cost g(x) = logppase(z) + E(z), one can show that the
terminal distribution of the optimally controlled process satisfies P*" (X;) = p*(X). For additional details,
see [12} 23]

For our evaluation, we consider p*(z) to be a mixture of Gaussians (MoG). Specifically, we use a mixture
with 10 components, random means, and random mixing weights. The component means are sampled
from a Gaussian distribution with variance 2. As before, we set the number of discretization steps to 50.
We evaluate performance in dimensions d € {2, 5, 10,50}. As in the OU experiments, we perform a hyper-
parameter sweep to select the best learning rate for each method.

We compare FAM (Forward Adjoint Matching) against AM (Adjoint Matching) using two evaluation met-
rics: (i) Sinkhorn distance H defined as the entropy-regularized optimal transport distance between gen-
erated samples and target samples, and (ii) the negative log-likelihood (NLL), computed as the negative
log-density of generated samples under the target distribution p* ().

2Sinkhorn distance is computed using the GeomLoss library [I5] via SamplesLoss ("sinkhorn", p=2, blur=0.05).



Table 1: Adjoint Sampling results on Mixture-of-Gaussians targets. We report mean + standard deviation

over three seeds at iteration 500. Lower is better for all metrics.

Dimension | Method ‘ Sinkhorn | NLL |
d—2 AM 1.588+ 0.597 3.9314% 0.288
o FAM 0.0434 0.028  3.2484 0.276
d—5 AM 2.388+0.069  7.273+ 0.441
o FAM 2.465+ 0.337  5.913% 0.073
d=10 AM 12.139+ 4764 12.020% 1.665
B FAM | 10.0884+0.041  9.249+ 0.061
d— 50 AM 86.171+ 0975  54.097+ 3.217
- FAM 86.954+ 0.384  43.4424 0.050

Qualitative results for d = 2 are shown in Fig. I} and quantitative comparisons across dimensions are
in Table [I} All results are averaged over three independent runs and reported at iteration 500 for both
AM and FAM. FAM achieves lower Sinkhorn distance and lower NLL across dimensions, demonstrating
improved sample efficiency over AM. Both methods degrade in high dimensions, which we attribute to the
known difficulty of training diffusion models on high-dimensional Gaussian mixture targets, as observed
by Vargas et al. [44].

6 Related Work

SOC. The Hamilton—-Jacobi-Bellman (HJB) equation characterizes the solution to stochastic optimal con-
trol (SOC) problems. However, solving the associated nonlinear PDE in continuous time is computationally
intractable in high dimensions, restricting classical numerical approaches such as finite-difference schemes
to low-dimensional settings [30].

To address these limitation, Forward-Backward Stochastic Differential Equation (FBSDE) formulations
have enabled learning-based approaches to SOC [17, 48, 20]. Recent work [10] provides a taxonomy of
objective functions for SOC, showing that computing the optimal control can be formulated as minimizing
a KL functional between path measures, where the target is a tilted (optimal) process.

Stochastic Optimal Control Matching (SOCM) [11] approaches this problem via a forward KL objective.
However, it requires importance sampling from the optimally controlled process, which leads to high-
variance estimators, particularly in high dimensions. Adjoint Matching (AM) [12] instead optimizes a re-
verse KL objective, thereby avoiding explicit importance sampling.

Natural Gradients. Natural gradient methods precondition the Euclidean gradient by the Fisher infor-
mation (or an information-geometric metric), yielding parameterization-invariant steepest descent in dis-
tribution space and often improving stability under ill-conditioning [3]. In reinforcement learning, this
yields the natural policy gradient update [26], and forms the conceptual basis for trust-region style meth-
ods that constrain the KL divergence between successive policies, such as TRPO [39]. For large neural
networks, practical natural-gradient approximations (e.g., Kronecker-factored approximate curvature, K-
FAC) make Fisher preconditioning computationally feasible and are widely used as scalable second-order
surrogates [19].
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7 Conclusion

In this work, we improve the optimization and sample efficiency of the Adjoint Matching (AM) framework
for stochastic optimal control (SOC). We show that constraining each AM update to a trust region defined
with respect to the current path measure guarantees monotonic decrease of the underlying fixed-point
objective. To solve the resulting constrained problem, we propose an efficient algorithm that yields non-
trivial step sizes while approximately enforcing the KL constraint. Empirically, Fisher Adjoint Matching
(FAM) consistently outperforms standard AM across classical control and generative sampling tasks. Our
approach adapts trust-region ideas from reinforcement learning to the SOC setting; extending other RL-
based techniques to SOC remains an interesting direction for future work.
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A Appendix
A1 Proofs

Before providing the proofs, we restate the assumptions.

Assumption 3.1 [Bounded AM Residual] There exists a constant B < oo such that for all admissible controls u,
almost surely,

sup [[u(Xy,t) + o(t)a(Xe, 1)]* < B.
te[0,1]

Lemma 3.1 [Upper Bound via surrogate] Under assumption 3.1} for any 0,0" € R%, we have the following relation:
Lep(0) < Lam(0',0) + B/ KL(Pus || Puer). (14)
Proof:  Fix 6 (current iterate) and 6’ (candidate). Consider the quantity

1
/ [ ~ Ugyr 2
Loo(0) = Exguprs [ / lug (X2) + o(8) Ta(X2 1) dt] @7)
0

Define f(X) = [ |luor(Xs,t) + cr(t)T&(Xt,t)H2 dt. Using Assumption we can bound this using TV
distance:

[Exwpror [F(X™)] = Exopea [f(X™)]| < BTV(PY, P*" ) < C\/KL(PY||P*"). (28)

where the final step is via Pinsker’s inequality. Thus,

Lip(0') < Lam(0',0) 4+ C -/ KL(Pue||Puer) (29)
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A.2 Experimental Details
A.2.1 Conjugate Gradient (CG) Settings

For the conjugate gradient (CG) solver, we use torch.autograd. functional primitives to apply the

Gauss—Newton matrix
K
1
F 2 % NPAPS
i=1

via Jacobian—vector and vector—Jacobian products, without explicitly forming J;. We solve the damped
system
(F 4+ X)AO = —g,

where the damping parameter is swept over
Ae{107%,107%,107'}.

For backtracking line search, we sweep the KL threshold maxk1 over
{107%,107%,107*,1, 5}.

We use 20 CG iterations for all experiments.

A.22 OU Settings
For the OU experiments, the best-performing KL threshold is
maxkl = le — 4.
For the Adjoint Matching (AM) baseline, we use Adam with learning rate

lr =1e— 3.

A.2.3 Diffusion Sampling Settings

For the generative-model (diffusion sampling) experiments, the best-performing KL threshold is
maxkl = le — 2,

and the AM baseline is optimized using Adam with

lr =1le—3.

For the GMM sampling experiments, we generate 10 Gaussian mixture models with random means and
random mixture weights. The component means are drawn from a Gaussian distribution with mean zero
and variance 2 for d = 2, and variance 1.5 for d € {5, 10, 20, 50}.
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